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Abstract
The proper divisor graph Υn of a positive integer n is the simple graph whose
vertices are the proper divisors of n, and in which two distinct vertices u, v are
adjacent if and only if n divides uv. The graph Υn plays an important role in the
study of the zero divisor graph of the ring Zn. In this paper, we study some graph
theoretic properties of Υn and determine the graph parameters such as clique num-
ber, chromatic number, chromatic index, independence number, matching number,
domination number, vertex and edge covering numbers of Υn. We also determine
the automorphism group of Υn.
Keywords: Graph parameters, automorphism, vertex degree, pendant vertex, cut vertex
AMS 2010 subject classification: 05C07, 05C15, 05C25, 05C69, 05C70
1 Introduction
All graphs considered in this paper are finite and simple. We refer to the book [10] for
unexplained graph terminology and the basics on graph theory. Let G be a graph with
vertex set V (G). If V (G) = Φ, then G is called the empty graph. If V (G) 6= Φ but G has
no edge, then G is called a null graph. We write u ∼ v for two distinct vertices u, v ∈ V (G)
if they are adjacent in G. The degree of a vertex v ∈ V (G) is denoted by deg(v). A vertex
of degree one is called a pendant vertex of G. The automorphism group of G is denoted
by Aut(G). A vertex v ∈ V (G) is called a cut vertex if the induced subgraph G− v of G
with vertex set V (G− v) = V (G) \ {v} has more components than G.
A clique in G is a subset K of V (G) such that the induced subgraph on K is complete.
The maximum size of a clique in G, denoted by ω(G), is called the clique number of G. A
vertex coloring of G is an assignment of colors to the vertices of G such that two adjacent
vertices receive different colors. The chromatic number of G, denoted by χ(G), is the
minimum number of colors required for a vertex coloring of G. If χ(H) = ω(H) for every
induced subgraph H of G, then G is called a perfect graph. An edge coloring of G is
an assignment of colors to the edges of G such that two adjacent edges receive different
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colors. The chromatic index of G, denoted by χ′(G), is the minimum number of colors
required for an edge coloring of G.
An independent set in G is a set of vertices such that no two of them are adjacent. The
maximum size of an independent set in G, denoted by α(G), is called the independence
number of G. A matching in G is a set of edges such that no two of them are adjacent.
The maximum size of a matching in G, denoted by α′(G), is called the matching number
of G. A matching M in G is called a perfect matching if each vertex of G is incident with
some edge contained in M . A vertex cover in G is a set of vertices that contains at least
one endpoint of every edge. The minimum size of a vertex cover in G, denoted by β(G),
is called the vertex covering number of G. An edge cover in G is a set of edges such that
every vertex of G is incident with some edge contained in it. The minimum size of an
edge cover in G, denoted by β ′(G), is called the edge covering number of G. A dominating
set in G is set X of vertices such that every vertex of V (G) \ X is adjacent with some
vertex in X . The minimum size of a dominating set in G, denoted by γ(G), is called the
domination number of G.
1.1 The proper divisor graph Υn
Let n be a positive integer. An integer d is called a proper divisor of n if 1 < d < n and
d divides n. The proper divisor graph of n, denoted by Υn, is the graph with vertices the
proper divisors of n, and two distinct vertices u and v are adjacent if and only if n divides
the product uv.
The graph Υn was recently introduced in the paper [6]. Note that Υn is the empty
graph if and only if n = 1 or n is a prime. If n is composite, then Υn is a connected graph
by [6, Lemma 2.6].
Use of the graph Υn:
Let G be a graph on m vertices with V (G) = {v1, v2, . . . , vm} and H1, H2, . . . , Hm be
m pairwise vertex disjoint graphs. The G-generalized join graph of H1, H2 . . . , Hm is the
graph obtained from G by replacing each vertex vi with the graph Hi and then adding
new edges from each vertex of Hi to every vertex of Hj, 1 ≤ i 6= j ≤ m, whenever vi and
vj are adjacent in G (such graphs are called generalized composition graphs in [8]). Note
that if m = 2 and G = K2, then the G-generalized join graph of H1 and H2 coincides
with the usual join graph H1 ∨H2 of H1 and H2.
The notion of zero divisor graph of a commutative ring was first introduced by I. Beck
in [4] by taking all elements of the ring as vertices of the graph. It was later modified
by Anderson and Livingston in [2] as the following. The zero divisor graph Γ(R) of a
commutative ring R with unity is the graph with vertex set consisting of the zero divisors
of R, and two distinct vertices a and b are adjacent if and only if ab = 0 in R. Note that
Γ(R) is the empty graph if R is an integral domain.
Let n be composite. Since every proper divisor of n is a zero divisor of the ring Zn of
integers modulo n, Υn is an induced subgraph of the zero divisor graph Γ(Zn). The graph
Υn plays an important role in [6] while studying the spectrum of the Laplacian matrix
of Γ(Zn). By [6, Lemma 2.7], Γ(Zn) is the Υn-generalized join graph of certain complete
graphs and null graphs corresponding to the proper divisors of n. It was proved in [6,
Proposition 4.1] that Γ(Zn) is Laplacian integral if and only if all the eigenvalues of the
2
m×m vertex weighted Laplacian matrix L(Υn) (defined in [6, p.275]) of Υn are integers,
where m is the number of proper divisors of n. Further, by [6, Theorem 5.8], the algebraic
connectivity of Γ(Zn) coincides with the second smallest eigenvalue of L(Υn) if n is not
a prime power nor a product of two distinct primes, and the Laplacian spectral radius of
Γ(Zn) coincides with the largest eigenvalue of L(Υn) if n is not a prime power. It is also
known that Γ(Zn) is perfect if and only if Υn is prefect (see Section 5.2).
One can refer to the book [3] for different kinds of matrices associated with graphs
and the papers [1, 2, 7, 12] for more on the zero divisor graph of Zn.
1.2 Aim of this paper
It is clear from the discussion in Section 1.1 that the structure of the zero divisor graph
Γ(Zn) is completely dependent on that of the proper divisor graph Υn. In this paper, we
shall mainly be interested in studying the automorphism group and different parameters
of Υn.
In Section 2, we discuss some basic properties of Υn such as vertex degrees, pendant
vertices, diameter and cut vertices. Similarity of two positive integers is defined in Section
3. For two composites m and n, we prove that the proper divisor graphs Υm and Υn are
isomorphic if and only if m and n are similar (except for distinct m,n ∈ {p31, q1q2},
where p1, q1, q2 are primes with q1 6= q2). We then determine the automorphism group of
Υn in Section 4. In Section 5, the graph parameters clique number, chromatic number,
chromatic index, independence number, matching number, domination number, vertex
and edge covering numbers of Υn are determined. We also provide algorithms for coloring
the edges of Υn when n is a prime power or a product of distinct primes.
2 Basic properties of Υn
Let n > 1 be an integer. The number of proper divisors of n is denoted by pi(n). Let k
denote the number of distinct prime divisors of n and
n = pα11 p
α2
2 · · · pαkk
be the prime power factorization of n, where p1, p2, . . . , pk are distinct primes and α1, α2, . . . , αk
are positive integers. We have
pi(n) = (α1 + 1)(α2 + 1) · · · (αk + 1)− 2, (1)
which follows from the paragraph before Lemma 2.6 in [6].
Lemma 2.1. Let a, b be two positive integers. If a is a proper divisor of b with pi(a)+1 =
pi(b), then b = pt and a = pt−1 for some prime p and some integer t ≥ 2.
Proof. If b has at least two distinct prime divisors, then the formula (1) implies that
pi(b)−pi(a) ≥ 2, which is not possible. So b = pt for some prime p and some positive integer
t. Since b has a proper divisor a, we must have t ≥ 2. Then, using (1), pi(a) + 1 = pi(b)
implies that a = pt−1.
In the rest of the paper, for obvious reason, we shall consider proper divisor graphs
Υn only when n is composite. If n = p
2
1, then Υn
∼= K1. To avoid this triviality, if
3
n = pα11 , then we shall also assume that α1 ≥ 3. We thus have |V (Υn)| = pi(n) ≥ 2. Then
connectedness of Υn implies that the degree of every vertex is at least one. For a positive
integer m, we denote by [m] := {1, 2, . . . , m}.
2.1 Vertex degrees
In the following proposition, we determine the degree of a vertex of Υn based on a divis-
ibility condition involving n and the square of that vertex.
Proposition 2.2. Let u be a vertex of Υn. Then the degree of u is given by:
deg(u) =
{
pi(u) if n|u2;
pi(u) + 1 if n ∤ u2.
Proof. If v ∼ u in Υn, then uv = rn for some integer r ≥ 1 with r 6= u and so v = r nu .
Since v is a proper divisor of n, we get that r divides u. Conversely, if r is a divisor of u
with r 6= u, then w = r n
u
is a proper divisor of n and so is a vertex of Υn. Also, w ∼ u if
w 6= u.
Thus, the number of neighbours of u is equal to the number of positive divisors r of
u satisfying r 6= u and u 6= r n
u
. It follows that deg(u) = pi(u) if u = r n
u
for some positive
divisor r of u with r 6= u, otherwise deg(u) = pi(u) + 1. Then the fact that u = r n
u
if and
only if n divides u2 completes the proof.
Corollary 2.3. Let n = pα11 p
α2
2 · · · pαkk . If αi = αj for some i, j ∈ [k], then deg
(
n
pi
)
=
deg
(
n
pj
)
.
Proof. Write ui =
n
pi
and uj =
n
pj
. Since αi = αj , we have that n divides u
2
i if and only if
n divides u2j , and it follows from (1) that pi(ui) = pi(uj). Then the corollary follows from
Proposition 2.2.
As an application of Proposition 2.2, all vertices of degree one and two in Υn are
determined in the following.
Proposition 2.4. Let n = pα11 p
α2
2 · · · pαkk . Then the following hold:
(i) If k = 1 and α1 ∈ {3, 4}, then p1 and p21 are the pendant vertices of Υn.
(ii) If k = 1 and α1 ≥ 5, then p1 is the only pendant vertex of Υn.
(iii) If k ≥ 2, then p1, p2, . . . , pk are precisely the pendant vertices of Υn.
Proof. The vertex pi, i ∈ [k], has exactly one neighbour in Υn, namely npi . So each of
p1, p2, . . . , pk is a pendant vertex of Υn.
Now let u be a vertex of Υn with deg(u) = 1. By Proposition 2.2, we have pi(u) = 0
or 1, and n|u2 if the latter holds. If pi(u) = 0, then u must be a prime. If pi(u) = 1, then
u must be the square of a prime. In that case, n|u2 implies n ∈ {p31, p41}. It can be seen
that p21 is also a pendant vertex of Υn for n ∈ {p31, p41}.
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Corollary 2.5. Let n = pα11 p
α2
2 · · · pαkk and l be the number of pendant vertices of Υn.
Then
l =


1 if n = pα11 with α1 ≥ 5;
2 if n ∈ {p31, p41};
k if k ≥ 2.
Proposition 2.6. Let n = pα11 p
α2
2 · · · pαkk with α1 ≥ α2 ≥ · · · ≥ αk and V2(n) be the set of
all degree two vertices of Υn. Then the following hold:
(i) V2(p
3
1) = Φ; V2(p
4
1) = {p31}; V2(n) = {p21, p31} if n ∈ {p51, p61};
(ii) V2(p1p2) = Φ; V2(p
2
1p2) = {p21, p1p2}; V2(p21p22) = {p21, p22, p1p2};
(iii) V2(n) = {p2i : 1 ≤ i ≤ k, αi ≥ 2} if n /∈ {p31, p41, p51, p61, p1p2, p21p2, p21p22}.
Proof. We shall prove (iii) only as the statements made in (i) and (ii) can easily be verified.
So assume that n /∈ {p31, p41, p51, p61, p1p2, p21p2, p21p22}. If αi ≥ 2 for some i ∈ [k], then p2i is
adjacent with the two vertices n
pi
, n
p2i
only, and so deg(p2i ) = 2.
Conversely, let u be a vertex of Υn with deg(u) = 2. If n divides u
2, then Proposition
2.2 gives that pi(u) = deg(u) = 2, which is possible if and only if u is the cube of a prime
or the product of two distinct primes. This forces n ∈ {p41, p51, p61, p21p2, p21p22} (as u is a
proper divisor of n), a contradiction. So n ∤ u2. Then pi(u) = 1 by Proposition 2.2 again,
which is possible if and only if u is the square of a prime. Therefore, V2(n) = {p2i : 1 ≤
i ≤ k, αi ≥ 2}.
Proposition 2.7. Let n = pα11 p
α2
2 · · · pαkk and u, v be two distinct vertices of Υn. If u
divides v, then deg(u) ≤ deg(v), and equality holds if and only if k = 1, u = p⌈α1/2⌉−11 and
v = p
⌈α1/2⌉
1 .
Proof. Since u is a proper divisor of v, we have pi(u)+ 1 ≤ pi(v). Then, using Proposition
2.2, we get
deg(u) ≤ pi(u) + 1 ≤ pi(v) ≤ deg(v). (2)
If k = 1, u = p
⌈α1/2⌉−1
1 and v = p
⌈α1/2⌉
1 , then observe that n ∤ u
2 and n|v2. Applying
Proposition 2.2, we get deg(u) = pi(u) + 1 = ⌈α1/2⌉ − 1 = pi(v) = deg(v). Conversely,
suppose that deg(u) = deg(v). Then (2) gives
deg(u) = pi(u) + 1 = pi(v) = deg(v).
It follows that both u and v are powers of a prime by Lemma 2.1, and that n ∤ u2 and
n|v2 by Proposition 2.2. Thus we have the following:
(i) n itself is a prime power and so n = pα11 .
(ii) u = pt−11 and v = p
t
1 for some integer t with 2 ≤ t ≤ α1 − 1 (Lemma 2.1).
(iii) p
⌈α1/2⌉
1 ∤ u as n ∤ u
2, and p
⌈α1/2⌉
1 |v as n | v2.
It follows from (ii) and (iii) that t−1 ≤ ⌈α1/2⌉−1 and t ≥ ⌈α1/2⌉. This gives t = ⌈α1/2⌉,
thus completing the proof.
Remark 2.8. Recall that a graph is called nearly irregular if it contains exactly one pair of
vertices with equal degree. Let G be a connected nearly irregular graph on m ≥ 2 vertices.
If u and v are the two vertices of G with equal degree, then deg(u) = deg(v) = ⌈m+1
2
⌉− 1.
This follows from Proposition 2.7 with n = pm+11 and the fact that there is precisely one
connected nearly irregular graph on m vertices up to isomorphism ([5, Theorem 1.12]).
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2.2 Diameter
The following proposition determines the diameter of Υn which is denoted by diam(Υn).
Proposition 2.9. Let n = pα11 p
α2
2 · · · pαkk . Then
diam(Υn) =


1 if n ∈ {p31, p1p2};
2 if n = pα11 with α1 ≥ 4;
3 otherwise.
Proof. It follows from the proof of connectedness of Υn in [6, Lemma 2.6] that diam(Υn) ≤
3. If n ∈ {p31, p1p2}, then Υn ∼= K2 and so diam(Υn) = 1. Suppose that n = pα11 with
α1 ≥ 4. The vertex pα1−11 is adjacent with all other vertices of Υn. Further, α1 ≥ 4 implies
that p1 ∼ pα1−11 ∼ p21 is the shortest path between p1 and p21. Hence diam(Υn) = 2.
Now consider k ≥ 2 with n 6= p1p2. By Proposition 2.4(iii), p1 and p2 are pendant
vertices of Υn. We have p1 ∼ np1 and p2 ∼ np2 . The vertices p1, p2, np1 , np2 are pairwise
distinct and p1 ∼ np1 ∼ np2 ∼ p2 is the shortest path between p1 and p2. Therefore,
diam(Υn) = 3.
2.3 Minimum and maximum degrees
By Corollary 2.5, Υn has at least one pendant vertex and hence the minimum degree of
Υn is one. The vertices of maximum degree in Υn are determined in Proposition 2.11
below. We need the following lemma.
Lemma 2.10. Let n = pα11 p
α2
2 · · · pαkk with k ≥ 2 and α1 ≥ α2 ≥ · · · ≥ αk. Set ui := npi for
i ∈ [k]. Then deg(u1) ≥ deg(uj) for 2 ≤ j ≤ k, and equality holds if and only if α1 = αj
or n = p21p2.
Proof. We have α1 ≥ αj. If α1 = αj, then deg(u1) = deg(uj) by Corollary 2.3. Assume
that α1 > αj . Then using Proposition 2.2 and the inequality (α1 + 1)αj < α1(αj + 1), we
get that
deg(uj) ≤ pi(uj) + 1 = (α1 + 1) · · · (αj−1 + 1)αj(αj+1 + 1) · · · (αk + 1)− 1
≤ α1(α2 + 1) · · · (αj + 1) · · · (αk + 1)− 2 (3)
= pi(u1) ≤ deg(u1).
If k ≥ 3, then the inequality (3) is strict and this gives deg(u1) > deg(uj). Suppose that
deg(u1) = deg(uj) with α1 > αj . Then k = 2, j = 2 and we must have
deg(u2) = pi(u2) + 1 = (α1 + 1)α2 − 1 = α1(α2 + 1)− 2 = pi(u1) = deg(u1).
It follows that n ∤ u22 by Proposition 2.2 and that α1 = α2 + 1. The former implies that
α2 = 1 and so α1 = 2. This given n = p
2
1p2. If n = p
2
1p2, then it can be seen that
deg(u1) = 2 = deg(u2).
Proposition 2.11. Let n = pα11 p
α2
2 · · ·pαkk with α1 ≥ α2 ≥ · · · ≥ αk. Then the following
hold:
(i) If n = p31, then both the vertices p1 and p
2
1 of Υn are of maximum degree.
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(ii) If n = p21p2, then
n
p1
= p1p2 and
n
p2
= p21 are the vertices of Υn of maximum degree.
(iii) If n /∈ {p31, p21p2}, then np1 , . . . , npt are precisely the vertices of Υn of maximum degree,
where t ∈ [k] is the largest integer such that αt = α1.
Proof. The statements made in (i) and (ii) can easily be verified. We shall prove (iii). If
n = pα11 with α1 ≥ 4, then np1 is the only vertex that is adjacent with all other vertices of
Υn and so it is the only vertex of Υn of maximum degree.
Now consider k ≥ 2. Let u ∈ V (Υn) be of maximum degree. Set ui := npi for i ∈ [k].
Since u is a divisor of uj for some j ∈ [k], we have deg(u) ≤ deg(uj) by Proposition 2.7.
The maximality of deg(u) then gives that deg(u) = deg(uj). Since k ≥ 2, Proposition 2.7
again implies that u = uj. Thus, the vertices of Υn of maximum degree are contained
in {u1, u2, . . . , uk}. By the definition of t, we have α1 = α2 = · · · = αt and α1 > αj for
t + 1 ≤ j ≤ k. Since n 6= p21p2, Lemma 2.10 gives that u1, u2, . . . , ut are precisely the
vertices of maximum degree in Υn.
The number of vertices of Υn with minimum degree one (that is, pendant vertices) is
given in Corollary 2.5. As a consequence of Proposition 2.11, we have the following result
on the number of vertices of Υn having maximum degree.
Corollary 2.12. Let n = pα11 p
α2
2 · · · pαkk with α1 ≥ α2 ≥ · · · ≥ αk and L be the number of
vertices of Υn with maximum degree. If t ∈ [k] is the largest integer with αt = α1, then
L =
{
2 if n ∈ {p31, p21p2};
t otherwise.
Corollary 2.13. Let n = pα11 p
α2
2 · · · pαkk with α1 ≥ α2 ≥ · · · ≥ αk. Then the maximum
degree ∆(Υn) of Υn is given by:
∆(Υn) = deg
(
n
p1
)
=


pi
(
n
p1
)
if k = 1, or k ≥ 2 with α1 ≥ 2;
pi
(
n
p1
)
+ 1 otherwise.
Proof. This follows from Propositions 2.2 and 2.11.
2.4 Cut vertices
Let v be a vertex of Υn. For two disjoint nonempty subsets A and B of V (Υn − v) =
V (Υn) \ {v}, we say that (A,B) is a separation of Υn− v if V (Υn− v) = A∪B and there
is no edge of Υn − v with one endpoint in A and the other in B. Since Υn is connected,
we have that v is a cut vertex of Υn if and only if there exists a separation of Υn − v.
If n ∈ {p31, p1p2}, then Υn ∼= K2 has no cut vertex. We shall find the cut vertices of
Υn for the remaining values of n.
Proposition 2.14. Let n = pα11 p
α2
2 · · · pαkk with n /∈ {p31, p1p2}. Then np1 , np2 , . . . , npk are
precisely the cut vertices of Υn.
Proof. Each pi, i ∈ [k], is a pendant vertex of Υn by Proposition 2.4 (with pi ∼ npi ). Since
n /∈ {p31, p1p2}, we have pi(n) = |V (Υn)| ≥ 3 and then connectedness of Υn implies that
each n
pi
is a cut vertex. We claim that any cut vertex of Υn is one of
n
p1
, n
p2
, . . . , n
pk
.
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If k = 1, then n
p1
is adjacent with all other vertices of Υn and so it must be the only
cut vertex of Υn. Now consider k ≥ 2. Suppose that there exists a cut vertex v of Υn
different from n
p1
, n
p2
, . . . , n
pk
. Let (A,B) be a separation of Υn−v. Since npi ∼ npj for distinct
i, j ∈ [k], all the vertices n
pi
, i ∈ [k], are either in A or in B. Without loss of generality,
we may assume that n
pi
∈ A for all i ∈ [k]. Since B is nonempty, there is a vertex u ∈ B.
Since u is divisible by pj for some j ∈ [k], we must have u ∼ npj , contradicting that (A,B)
is a separation of Υn − v.
3 Similarity and isomorphisms
Let n and m be two positive integers with their prime power factorisations:
n = pα11 p
α2
2 · · · pαkk and m = qβ11 qβ22 · · · qβll ,
where pi, qj are primes and αi, βj are positive integers with α1 ≥ α2 ≥ · · · ≥ αk and
β1 ≥ β2 ≥ · · · ≥ βl. We say that n and m are similar if k = l and αi = βi for every i ∈ [k].
If two composites n and m are similar, then the proper divisor graphs Υn and Υm
are isomorphic. This can be seen from the fact that the construction of the graph Υn
does not depend on the actual primes involved as divisors of n. What about the converse
statement? If n = p31 and m = q1q2, then Υn
∼= K2 ∼= Υm, but n and m are not similar.
We prove that the converse statement is also true with this particular example as the only
exception. More precisely, we have the following:
Theorem 3.1. Let m and n be composite integers. Then Υm and Υn are isomorphic if
and only if m and n are similar, except for m,n ∈ {p31, q1q2} with m 6= n, where p1, q1, q2
are primes with q1 6= q2.
The proof of Theorem 3.1 follows from Propositions 3.2 and 3.3 below.
Proposition 3.2. Let n = pα11 with α1 ≥ 4. If Υn ∼= Υm for some composite m, then n
and m are similar.
Proof. We have |V (Υn)| = |V (Υm)| as Υn ∼= Υm. If m = qβ11 for some prime q1 and
positive integer β1, then α1 − 1 = pi(n) = |V (Υn)| = |V (Υm)| = pi(m) = β1 − 1 gives
β1 = α1.
Therefore, it is enough to prove that m is a prime power. This is true if α1 = 4, as
there is no integerm with at least two distinct prime divisors for which pi(m) = |V (Υm)| =
|V (Υn)| = α1− 1 = 3. If α1 ≥ 5, then the claim follows from Proposition 2.4 and the fact
that Υn and Υm must have the same number of pendant vertices.
Proposition 3.3. Let n = pα11 p
α2
2 · · ·pαkk and m = qβ11 qβ22 · · · qβll with k ≥ 2, l ≥ 2,
α1 ≥ α2 ≥ · · · ≥ αk and β1 ≥ β2 ≥ · · · ≥ βl. If Υn ∼= Υm, then n and m are similar.
Proof. By Proposition 2.4(iii), p1, p2, . . . , pk are the pendant vertices of Υn and q1, q2, . . . , ql
are that of Υm. Since Υn ∼= Υm, they have the same number of pendant vertices and
hence k = l. The fact that |V (Υn)| = |V (Υm)| gives
(α1 + 1)(α2 + 1) · · · (αk + 1) = (β1 + 1)(β2 + 1) · · · (βk + 1) (4)
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Using (4), it can be seen that n = p21p2 if and only if m = q
2
1q2, and so n,m are similar in
this case. Therefore, we shall assume that n 6= p21p2 (and hence m 6= q21q2).
Let φ : Υn → Υm be a graph isomorphism. Since φ maps pendant vertices of Υn
to that of Υm, it induces a bijection from {p1, p2, . . . , pk} to {q1, q2, . . . , qk}. In order to
prove the proposition, it is enough to show that αi = βs if φ(pi) = qs for i, s ∈ [k].
The only neighbour of pi in Υn is
n
pi
and that of qs in Υm is
m
qs
. Since φ(pi) = qs, we
must have φ
(
n
pi
)
= m
qs
and hence
deg
(
n
pi
)
= deg
(
m
qs
)
. (5)
Note that n divides
(
n
pi
)2
if and only if αi ≥ 2, and m divides
(
m
qs
)2
if and only if βs ≥ 2.
So we have the following by Proposition 2.2:
αi = 1 : deg
(
n
pi
)
= (α1 + 1) · · · (αi−1 + 1)αi(αi+1 + 1) · · · (αk + 1)− 1; (6)
αi ≥ 2 : deg
(
n
pi
)
= (α1 + 1) · · · (αi−1 + 1)αi(αi+1 + 1) · · · (αk + 1)− 2; (7)
βs = 1 : deg
(
m
qs
)
= (β1 + 1) · · · (βs−1 + 1)βs(βs+1 + 1) · · · (βk + 1)− 1; (8)
βs ≥ 2 : deg
(
m
qs
)
= (β1 + 1) · · · (βs−1 + 1)βs(βs+1 + 1) · · · (βk + 1)− 2. (9)
If αi ≥ 2 and βs ≥ 2, then equations (4), (5), (7) and (9) give αi+1αi =
βs+1
βs
, that is,
αi = βs.
Now suppose that αi = 1. If βs = 1, then we are done. Suppose that βs ≥ 2. We shall
get a contradiction by showing that m = q21q2. Putting αi = 1 in (4), we get
(α1 + 1) · · · (αi−1 + 1)(αi+1 + 1) · · · (αk + 1) = 1
2
(β1 + 1) · · · (βs + 1) · · · (βk + 1). (10)
From (5), (6) and (9), we get
(α1 + 1) · · · (αi−1 + 1)(αi+1 + 1) · · · (αk + 1) = (β1 + 1) · · · (βs−1 + 1)βs
(βs+1 + 1) · · · (βk + 1)− 1. (11)
An easy calculation using the equations (10) and (11) gives that
(βs − 1)
k∏
t=1
t6=s
(βt + 1) = 2. (12)
Since k ≥ 2, βs ≥ 2 and βt ≥ 1 for t 6= s, it follows from (12) that k = 2, βs = 2
and βt = 1, where {s, t} = {1, 2}. Since βs > βt, we must have s = 1, t = 2 and hence
m = q21q2.
Similarly, if αi ≥ 2 and βs = 1, then we shall get a contradiction by showing that
n = p21p2 (using the equations (4), (5), (7) and (8)).
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From the proof of Proposition 3.3, we have the following result which is useful in
determining the automorphism group of Υn in the next section.
Corollary 3.4. Let n = pα11 p
α2
2 · · · pαkk with k ≥ 2 and α1 ≥ α2 ≥ · · · ≥ αk. If n 6=
p21p2 and φ : Υn → Υn is a graph automorphism, then φ permutes the pendant vertices
p1, p2, . . . , pk of Υn such that φ(pi) = pj implies αi = αj for 1 ≤ i, j ≤ k.
4 The automorphism group Aut(Υn)
Let n = pα11 p
α2
2 · · · pαkk with α1 ≥ α2 ≥ · · · ≥ αk. We study the automorphism group
Aut(Υn) of Υn in this section. We have the following result when k = 1.
Proposition 4.1. If n = pα11 , then |Aut(Υn)| = 2.
Proof. Recall that α1 ≥ 3 by our assumption. By Proposition 2.7, the degrees of the
vertices of Υn are pairwise distinct, with the exception of two vertices u := p
⌈
α1
2
⌉−1
1 and
v := p
⌈
α1
2
⌉
1 for which the degrees are the same. Therefore, every automorphism of Υn must
fix each of the vertices contained in V (Υn) \ {u, v}.
The map φ : Υn → Υn with φ(u) = v, φ(v) = u and which is identity on V (Υn)\{u, v}
is an automorphism of Υn. This follows from the fact that a vertex of V (Υn) \ {u, v} is
adjacent with either both u and v, or none of them (note that u ∼ v if and only if α1 is
odd). Therefore, |Aut(Υn)| = 2.
If k ≥ 2, then p1, p2, . . . , pk are precisely the pendant vertices of Υn (Proposition
2.4(iii)). Therefore, for φ ∈ Aut(Υn), φ(pi) is also a prime for every i ∈ [k].
Lemma 4.2. Let k ≥ 2 and φ be an automorphism of Υn. Then the following hold:
(i) φ
(
n
pi
)
= n
φ(pi)
for 1 ≤ i ≤ k.
(ii) If n 6= p21p2 and w = ps11 ps22 · · · pskk ∈ V (Υn), then φ(w) = φ(p1)t1φ(p2)t2 · · ·φ(pk)tk ,
where ti ≥ 1 if and only si ≥ 1 for 1 ≤ i ≤ k.
Proof. (i) Since pi and φ(pi) both are pendant vertices with pi ∼ npi and φ(pi) ∼ nφ(pi) , we
must have φ
(
n
pi
)
= n
φ(pi)
for 1 ≤ i ≤ k.
(ii) Let u, v be vertices of Υn such that φ(u) = v. We claim that if pi divides u,
then pj = φ(pi) divides v. Assume that pi|u. If u 6= npi , then u ∼ npi implies that
v = φ(u) ∼ φ
(
n
pi
)
= n
φ(pi)
= n
pj
and hence pj divides v. If u =
n
pi
, then p2i divides
n and so αi ≥ 2. Since n 6= p21p2, we have αj = αi ≥ 2 by Corollary 3.4. Then
v = φ
(
n
pi
)
= n
φ(pi)
= n
pj
is divisible by pj. Applying similar argument to the automorphism
φ−1 of Υn and using the fact that φ
−1(v) = u, we get that if pl divides v, then the prime
φ−1(pl) divides u.
Taking u = w = ps11 p
s2
2 · · · pskk , it follows from the previous paragraph that φ(w) =
φ(p1)
t1φ(p2)
t2 · · ·φ(pk)tk , where ti ≥ 1 if and only si ≥ 1 for 1 ≤ i ≤ k.
Lemma 4.3. Let k ≥ 2 with n 6= p21p2 and φ be an automorphism of Υn. Then φ (psii ) =
φ(pi)
si and φ
(
n
p
si
i
)
= n
φ(pi)si
for 1 ≤ i ≤ k and 1 ≤ si ≤ αi.
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Proof. Let u = psii . By Lemma 4.2(ii), we have φ(u) = φ(pi)
ti for some positive integer
ti. Since k ≥ 2, Proposition 2.2 gives that deg(u) = pi(u) + 1 = si and deg(φ(u)) =
pi(φ(u)) + 1 = ti. Then deg(u) = deg(φ(u)) gives that si = ti and hence φ(u) = φ(pi)
si.
The second part that φ
(
n
p
si
i
)
= n
φ(pi)si
can be obtained from the following.
Let pj = φ(pi). Then αi = αj by Corollary 3.4. We claim that φ
(
n
pli
)
= n
plj
for
1 ≤ l ≤ αi. The proof is by induction on l. If l = 1, then the claim follows from
Lemma 4.2(i). Assume that φ
(
n
pli
)
= n
plj
for 1 ≤ l ≤ m < αi. The neighbours of pm+1i
are precisely n
pi
, n
p2i
, . . . , n
pm+1i
and that of φ
(
pm+1i
)
= φ(pi)
m+1 = pm+1j are
n
pj
, n
p2j
, . . . , n
pm+1j
.
Since φ is one-one and the neighbours of pm+1i are mapped to the neighbours of φ
(
pm+1i
)
,
the induction hypothesis then implies that φ
(
n
pm+1i
)
= n
pm+1j
. This proves the claim.
Proposition 4.4. Let k ≥ 2 with n 6= p21p2 and φ be an automorphism of Υn. Then for
any vertex ps11 p
s2
2 · · · pskk of Υn, we have
φ (ps11 p
s2
2 · · · pskk ) = φ(p1)s1φ(p2)s2 · · ·φ(pk)sk .
Proof. Let u = ps11 p
s2
2 · · · pskk . By Lemma 4.2(ii), we have φ(u) = φ(p1)t1φ(p2)t2 · · ·φ(pk)tk ,
where ti ≥ 1 if and only si ≥ 1 for 1 ≤ i ≤ k. Suppose that si 6= ti for some i. Then
si ≥ 1 and ti ≥ 1. Let φ(pi) = pj. Then αi = αj by Corollary 3.4.
Claim 1: u 6= n
p
si
i
. If possible, suppose that u = n
p
si
i
. Then αi = 2si. By Lemma 4.3,
we have φ(u) = φ
(
n
p
si
i
)
= n
p
si
j
. This gives si + ti = αj . Then αj = αi = 2si implies that
si = ti, contradicting our assumption.
Claim 2: φ(u) 6= n
φ(pi)ti
. If possible, suppose that φ(u) = n
φ(pi)ti
. Then αj = 2ti. Since
φ
(
n
p
ti
i
)
= n
φ(pi)ti
by Lemma 4.3, injectivity of φ gives u = n
p
ti
i
. This implies si + ti = αi.
Then αi = αj gives that si = ti, contradicting our assumption.
Since u ∼ n
p
si
i
, we have φ(u) ∼ φ
(
n
p
si
i
)
= n
φ(pi)
si (Lemma 4.3). This implies si < ti (as
si 6= ti). Since φ(u) ∼ nφ(pi)ti = φ
(
n
p
ti
i
)
, we get u ∼ n
p
ti
i
. But this is not possible as si < ti.
Therefore, si = ti for all i ∈ [k] and hence φ(u) = φ(p1)s1φ(p2)s2 · · ·φ(pk)sk .
Corollary 4.5. If k ≥ 2 and α1 > α2 > · · · > αk ≥ 1, then |Aut(Υn)| = 2 or 1 according
as n = p21p2 or not.
Proof. If n = p21p2, then Υn is a path of length three and hence |Aut(Υn)| = 2. So assume
that n 6= p21p2. Let φ be an automorphism of Υn. Since α1 > α2 > · · · > αk, φ fixes each
of the pendant vertices p1, p2, . . . , pk by Corollary 3.4. Then Proposition 4.4 implies that
each vertex of Υn is fixed by φ and so φ is the identity map.
Corollary 4.6. If k ≥ 2 and two automorphisms of Υn agree on the pendant vertices,
then they are equal.
Lemma 4.7. Let k ≥ 2 and αi1 = αi2 = · · · = αia for some subset A := {i1, i2, . . . , ia} of
[k]. Given a permutation τ of {pi1 , pi2, . . . , pia}, define the map τ : Υn → Υn by
τ (ps11 p
s2
2 · · ·pskk ) =

∏
ij∈A
τ(pij )
sij



 ∏
l∈[k]\A
psll


11
for ps11 p
s2
2 · · · pskk ∈ V (Υn). Then τ is an automorphism of Υn.
Proof. If τ(pij ) = pir for ij , ir ∈ A, then sij ≤ αij = αir and so τ is well-defined.
Let u = ps11 p
s2
2 · · · pskk and v = pt11 pt22 · · · ptkk be two vertices of Υn. If τ (u) = τ (v), then
comparing the prime powers on both sides we get sij = tij for ij ∈ A and sl = tl for l ∈
[k]\A. So sr = tr for r ∈ [k] and hence τ is injective. Write v =
( ∏
ij∈A
p
tij
ij
)( ∏
l∈[k]\A
ptll
)
and
define
w :=

∏
ij∈A
τ−1(pij)
tij



 ∏
l∈[k]\A
ptll

 .
If τ−1(pij ) = pir for some ir ∈ A, then tij ≤ αij = αir and so w is a vertex of Υn. Now it
is clear that τ (w) = v, implying τ is surjective.
Since αi1 = · · · = αia , it can be observed that τ(u) ∼ τ(v) if and only if sr + tr ≥ αr
for all r ∈ [k]. The later holds if and only if u ∼ v. Hence u ∼ v if and only if τ (u) ∼ τ(v).
Thus τ is an automorphism of Υn.
In the following proposition, we determine the full automorphism group of Υn when
k ≥ 2 with n 6= p21p2. Let αr1 , αr2, . . . , αrb be the distinct integers in the list α1, α2, . . . , αk.
For 1 ≤ i ≤ b, define
Ari := {j ∈ [k] : αj = αri}
and set |Ari| = ki. Then Ar1∪Ar2∪· · ·∪Arb is a partition of [k] and so k1+k2+· · ·+kb = k.
For a given positive integer m, Sm denotes the symmetric group defined on the set [m].
Proposition 4.8. Let k ≥ 2 with n 6= p21p2. Then Aut(Υn) ∼= Sk1 ×Sk2 ×· · ·×Skb, where
the integers k1, k2, . . . , kb are as defined above.
Proof. For 1 ≤ i ≤ b, consider the sets Ari as defined above and let Xri := {pj : j ∈ Ari}.
ThenXr1∪Xr2∪· · ·∪Xrb is a partition of the set X = {p1, p2, . . . , pk}. Given φ ∈ Aut(Υn),
let φri denote the restriction of φ to Xri. Then φri is a permutation ofXri by Corollary 3.4.
This gives (φr1, . . . , φrb) ∈ Sym(Xr1)×· · ·×Sym(Xrb), where Sym(Xri) is the symmetric
group defined on Xri. Thus the map f : Aut(Υn) → Sym(Xr1)× · · · × Sym(Xrb) taking
φ to (φr1, φr2, . . . , φrb) is well defined. We prove that f is a group isomorphism.
Let φ, ψ ∈ Aut(Υn). We claim that f(φψ) = f(φ)f(ψ). It is enough to show that
(φψ)ri = φriψri for 1 ≤ i ≤ b. Indeed, for pj ∈ Xri, we have
(φψ)ri(pj) = (φψ)(pj) = φ(ψ(pj)) = φ(ψri(pj)) = φri(ψri(pj)) = (φriψri)(pj).
Thus f is a group homomorphism. Corollary 4.6 implies that f is injective. Consider
(τ1, τ2, . . . , τb) ∈ Sym(Xr1) × · · · × Sym(Xrb). For 1 ≤ i ≤ b, let τ i be the automor-
phism of Υn as obtained in Lemma 4.7. Define τ := τ 1τ 2 · · · τ b, the composition of
τ 1, τ 2, . . . , τ b. Then τ ∈ Aut(Υn) and observe that τ ri = τi for each i ∈ [b]. This gives
f(τ) = (τ1, τ2, . . . , τb) and hence f is surjective.
Thus f is a group isomorphism and so Aut(Υn) ∼= Sym(Xr1)×· · ·×Sym(Xrb). Since
|Xri| = |Ari| = ki, we have Sym(Xri) ∼= Ski for every i ∈ [b] and hence the result
follows.
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5 Graph parameters of Υn
In this section, we shall determine the graph parameters clique number, chromatic number,
chromatic index, domination number, independence number, matching number, vertex
and edge covering numbers of Υn.
5.1 Clique number ω(Υn)
Let n = pα11 p
α2
2 · · · pαkk be the prime power factorization of n such that the integers
α1, . . . , αl are odd and αl+1, . . . , αk are even for some l ∈ {0, 1, 2, . . . , k}. Consider the
subsets A and B of V (Υn) as defined below:
A := {pr11 pr22 · · · prkk : ⌈αi/2⌉ ≤ ri ≤ αi, 1 ≤ i ≤ k} \ {n},
B :=
{
n
p
⌈αj/2⌉
j
: 1 ≤ j ≤ l
}
,
where B = Φ if l = 0. Let K denote the induced subgraph of Υn with vertex set A ∪ B.
Observe that A and B are disjoint, and that any two distinct vertices in A∪B are adjacent.
Thus K is a clique in Υn with
|V (K)| = |A|+ |B| =
⌈α1
2
⌉ ⌈α2
2
⌉
· · ·
⌈αl
2
⌉(αl+1
2
+ 1
)
· · ·
(αk
2
+ 1
)
+ l − 1. (13)
Proposition 5.1. Let n = pα11 p
α2
2 · · · pαkk be the prime power factorization of n such that
the integers α1, . . . , αl are odd and αl+1, . . . , αk are even for some l ∈ {0, 1, 2, . . . , k}.
Then
ω(Υn) =
⌈α1
2
⌉ ⌈α2
2
⌉
· · ·
⌈αl
2
⌉(αl+1
2
+ 1
)
· · ·
(αk
2
+ 1
)
+ l − 1.
Proof. Consider the clique K in Υn defined above with vertex set A ∪ B. Let H be an
arbitrary clique in Υn. We prove that |V (H)| ≤ |V (K)| and then (13) would complete
the proof. It is enough to show that there exists an injective map φ : V (H)→ V (K).
Let y = ps11 · · · psll psl+1l+1 · · · pskk be a vertex of H . If ⌈αi/2⌉ ≤ si ≤ αi for every i ∈ [k],
then y is a vertex of K that is contained in A. In this case, we define φ(y) := y ∈ A.
Suppose that si < ⌈αi2 ⌉ for some i ∈ [k]. Let j ∈ [k] be the smallest integer such that
sj < ⌈αj2 ⌉. For every vertex z = pt11 · · ·ptll p
tl+1
l+1 · · · ptkk ∈ V (H) \ {y}, the fact that y ∼ z
gives
tj ≥
{
⌈αj
2
⌉ if j ≤ l;
⌈αj
2
⌉ + 1 = αj
2
+ 1 if j ≥ l + 1.
Thus, y is the only vertex of H with sj < ⌈αj2 ⌉. If j ≤ l, we define
φ(y) :=
n
p
⌈αj/2⌉
j
∈ B.
If j ≥ l + 1, then there is no such vertex z of H with tj = ⌈αj2 ⌉ = αj2 . In this case, we
define
φ(y) := pα11 · · · pαj−1j−1 pαj/2j pαj+1j+1 · · · pαkk ∈ A.
It follows from the construction of the map φ : V (H)→ V (K) that φ is well-defined and
it is one-one.
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As a consequence of Proposition 5.1, we have the following:
Corollary 5.2. Let n = pα11 p
α2
2 · · · pαkk . Then ω(Υn) ≥ k.
Corollary 5.2 can also be seen directly as follows. Since n
pi
∼ n
pj
for 1 ≤ i 6= j ≤ k, the
induced subgraph of Υn with vertex set
{
n
pi
: 1 ≤ i ≤ k
}
is a clique in Υn.
5.2 Chromatic number χ(Υn)
In the following proposition, we prove that the chromatic number and the clique number
of Υn are equal.
Proposition 5.3. Let n = pα11 p
α2
2 · · · pαkk be the prime power factorization of n such that
the integers α1, . . . , αl are odd and αl+1, . . . , αk are even for some l ∈ {0, 1, 2, . . . , k}.
Then
χ(Υn) = ω(Υn) =
⌈α1
2
⌉ ⌈α2
2
⌉
· · ·
⌈αl
2
⌉(αl+1
2
+ 1
)
· · ·
(αk
2
+ 1
)
+ l − 1.
Proof. Consider the clique K in Υn (defined in Section 5.1 with V (K) = A ∪ B). We
have ω(Υn) = |V (K)| by (13) and Proposition 5.1. Assign ω(Υn) distinct colors to the
vertices of K. Out of the ω(Υn) colors used so far, we shall choose k of them (possible as
ω(Υn) ≥ k by Corollary 5.2) and assign these k colors suitably to the remaining vertices
of Υn.
For 1 ≤ i ≤ k, set γi := ⌈αi2 ⌉ and let ci be the color assigned to the vertex wi ∈ V (K),
where
wi =
{
pα11 · · · pαi−1i−1 pγi−1i pαi+1i+1 · · · pαll · · · pαkk if 1 ≤ i ≤ l;
pα11 · · · pαll · · · pαi−1i−1 pγii pαi+1i+1 · · · pαkk if l + 1 ≤ i ≤ k.
Let u be a vertex of Υn outside K. Then pγii does not divide u for some i ∈ [k]. We assign
the color ct to the vertex u, where t ∈ [k] is the smallest integer such that pγtt ∤ u. Thus
u and wt receive the same color. In this way, we color all the vertices of Υn. Note that if
x, y are two distinct vertices of Υn with the same color ct, then p
αt
t ∤ xy implies x ≁ y.
Since χ(Υn) = ω(Υn), it is natural to ask whether Υn is perfect. In [9], the zero-
divisor type graph ΓT (Zn) of Zn is defined and it is proved in Theorem 4.1 that Γ
T (Zn)
is perfect if and only if the zero divisor graph Γ(Zn) is perfect. Further, using the Strong
Perfect Graph Theorem, the author proved that the graph ΓT (Zn) is perfect if and only
if n ∈ {pα11 , pα11 pα22 , pα11 p2p3, p1p2p3p4}. From the construct of ΓT (Zn), it can be seen that
the proper divisor graph Υn is isomorphic to Γ
T (Zn). As a consequence, it follows that
Υn is prefect if and only if n ∈ {pα11 , pα11 pα22 , pα11 p2p3, p1p2p3p4}.
5.3 Matching number α′(Υn)
Proposition 5.4. Let n = pα11 p
α2
2 · · · pαkk and M be the collection of all edges of Υn of
the form
{
x, n
x
}
with x <
√
n. Then M is a matching in Υn of maximum size and
α′(Υn) = |M| = ⌊pi(n)/2⌋.
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Proof. Since |V (Υn)| = pi(n), we have α′(Υn) ≤ ⌊pi(n)2 ⌋. Clearly, two distinct edges
contained in M do not share any common vertex. So M is a matching in Υn. Every
vertex of Υn is an end point of some edge contained inM, with the exception of the vertex√
n when n is a perfect square (in which case |V (Υn)| is odd). This gives |M| = ⌊pi(n)2 ⌋
and it follows that the matching M is of maximum size.
Corollary 5.5. Υn has a perfect matching if and only if n is not a perfect square.
Corollary 5.6. Let Z = {x ∈ V (Υn) : x <
√
n}. Then |Z| = ⌊pi(n)
2
⌋.
Proof. This follows from Proposition 5.4 using the fact that Z is in bijective correspon-
dence with the set M := {{x, n
x
}
: x ∈ V (Υn), x <
√
n
}
.
Corollary 5.7. The edge covering number β ′(Υn) of Υn is given by: β
′(Υn) = ⌈pi(n)/2⌉.
Proof. Since Υn has no isolated vertices, we have α
′(Υn) + β
′(Υn) = |V (Υn)| = pi(n)
by [10, Theorem 3.1.22]. Then Proposition 5.4 gives that β ′(Υn) = pi(n) − ⌊pi(n)/2⌋ =
⌈pi(n)/2⌉.
5.4 Independence number α(Υn)
If n = p1p2, then Υn ∼= K2 and so α(Υn) = 1. If n 6= p1p2, then no two vertices among
p1, p2, . . . , pk are adjacent and hence α(Υn) ≥ k. We prove the following:
Proposition 5.8. Let n = pα11 p
α2
2 · · · pαkk and I := {x ∈ V (Υn) : x ≤
√
n}. Then I is an
independent set in Υn of maximum size and
α(Υn) = |I| = ⌈pi(n)/2⌉.
Proof. If x, y ∈ I with x 6= y, then at least one of them is less than √n and so xy < n.
This implies that x and y are not adjacent. Thus I is an independent set in Υn.
Let J be an independent set in Υn of maximum size. Then |I| ≤ |J |. We claim that
|I| ≥ |J |. This follows if J \ I = Φ. Assume that J \ I 6= Φ. Let y ∈ J \ I. Then
y >
√
n. This implies n
y
<
√
n and so n
y
∈ I. Since y ∼ n
y
(as n 6= y2) and J is an
independent set, it follows that n
y
/∈ J and hence n
y
∈ I \ J . Thus y 7→ n
y
defines an
injective map from J \I to I \J . Then |J | = |I ∩J |+ |J \I| ≤ |I ∩J |+ |I \J | = |I|.
Thus |I| = |J | and hence the independent set I is of maximum size.
We have
√
n ∈ I if and only if n is a perfect square if and only if pi(n) = |V (Υn)| is
odd. Consider the set Z defined in Corollary 5.6. When n is a perfect square, we have
Z = I \ {√n} and this gives |I| = |Z|+1 = ⌊pi(n)
2
⌋+1 = ⌈pi(n)
2
⌉, otherwise Z = I and we
get |I| = |Z| = ⌊pi(n)
2
⌋ = ⌈pi(n)
2
⌉.
Corollary 5.9. The vertex covering number β(Υn) of Υn is given by: β(Υn) = ⌊pi(n)/2⌋.
Proof. We have α(Υn) + β(Υn) = |V (Υn)| = pi(n) by [10, Lemma 3.1.21]. Then Proposi-
tion 5.8 gives that β(Υn) = pi(n)− ⌈pi(n)/2⌉ = ⌊pi(n)/2⌋.
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5.5 Domination number γ(Υn)
Proposition 5.10. Let n = pα11 p
α2
2 · · · pαkk . If n 6= p1p2, then Y :=
{
n
p1
, n
p2
. . . , n
pk
}
is a
dominating set of minimum size and so
γ(Υn) =
{
1 if n = p1p2;
k otherwise.
Proof. Every vertex of Υn is adjacent or equal to at least one of the vertices in Y . This
implies that Y is a dominating set in Υn. Assume that n 6= p1p2. Then the set consisting
of the k distinct edges
{
pi,
n
pi
}
, 1 ≤ i ≤ k, is a matching in Υn. The fact that p1, p2, . . . , pk
are pendant vertices of Υn then implies that any dominating set in Υn must contain pi or
n
pi
for every i ∈ [k]. Thus every dominating set must contain at least k vertices and hence
the dominating set Y is of minimum size. The rest is clear.
5.6 Chromatic index χ′(Υn)
Clearly, χ′(Υn) ≥ ∆(Υn). We shall prove that χ′(Υn) = ∆(Υn). The following result
proved in [1, Remark 1] is helpful for us, which was obtained as an application of Vizing’s
Adjacency Lemma [11, Corollary 3.6(iii)].
Lemma 5.11. [1] Let G be a simple graph and D := {u ∈ V (G) : deg(u) = ∆(G)}.
Suppose that, for every vertex u ∈ D, there is an edge {u, w} of G such that ∆(G) −
deg(w) + 2 > |D|. Then χ′(G) = ∆(G).
Proposition 5.12. Let n = pα11 p
α2
2 · · · pαkk . Then χ′(Υn) = ∆(Υn).
Proof. If n = p31 or p1p2, then Υn
∼= K2 and so χ′(Υn) = 1 = ∆(Υn). Assume that
n /∈ {p31, p1p2}. Define ui := npi for 1 ≤ i ≤ k and D := {v ∈ V (Υn) : deg(v) = ∆(Υn)}.
By Proposition 2.11, we have D ⊆ {u1, u2, . . . , uk} and so 1 ≤ |D| ≤ k.
Let v ∈ D. Then v = ui for some i ∈ [k]. We have ui ∼ pi and ui ∼ uj for j ∈ [k]\{i}.
Since n 6= p1p2, the vertex pi is different from each such uj. Thus deg(v) = deg(ui) ≥ k.
For the edge {v, pi} = {ui, pi} of Υn, we have ∆(Υn) − deg(pi) + 2 = deg(v) − 1 + 2 ≥
k + 1 > |D|. Hence χ′(Υn) = ∆(Υn) by Lemma 5.11.
Coloring the edges of Υn:
When n is a prime power or a product of distinct primes, we are able to provide algorithms
in the following for a proper edge coloring of Υn using ∆(Υn) distinct colors. It would be
interesting to develop such algorithms for other values of n as well.
(i) n = pα11 :
We have χ′(Υn) = ∆(Υn) = pi
(
n
p1
)
= α1 − 2 by Proposition 5.12 and Corollary 2.13.
Consider α1− 2 distinct colours, say c0, c1, . . . , cα1−3. For a given edge {u, v} of Υn, there
exists a unique j ∈ {0, 1, . . . , α1 − 3} such that uvn = pj1. Then assign the color cj to the
edge {u, v}. If two distinct adjacent edges {u, v} and {v, w} of Υn receive the same color
ct, then
uv
n
= pt1 =
vw
n
gives u = w, a contradiction. Thus, two distinct adjacent edges
receive different colors, implying a proper edge coloring of Υn.
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(ii) n = p1p2 · · · pk, k ≥ 2:
Here χ′(Υn) = ∆(Υn) = pi
(
n
p1
)
+ 1 = 2k−1 − 1 by Proposition 5.12 and Corollary 2.13.
Consider the colors cj for j ∈ I, where I is the index set defined by
I := {j : j|n and 1 < j < √n}.
We thus have a total of |I| = pi(n)/2 = 2k−1 − 1 colors (see Corollary 5.6). We assign
colors to the edges of Υn in the following way. Let {u, v} be an edge of Υn. Set l = uvn .
Then 1 ≤ l < n and l|n. We have l 6= √n as n is not a perfect square. If l 6= 1, then l ∈ I
if l <
√
n, and n
l
∈ I if l > √n.
• If 1 < l < √n, then we call {u, v} an edge of Type-I and assign the color cl to it.
• If √n < l < n, then we call {u, v} an edge of Type-II and assign the color cn
l
to it.
• If l = 1, then we call {u, v} an edge of Type-III.
We first prove that there is no conflict of interest in the above assignment of colors to
Type-I and Type II edges, and then we shall color Type-III edges suitably.
Let {u, v} and {v, w} be distinct adjacent edges of Υn of Type-I/Type-II. Suppose
that they have received the same color. If both {u, v} and {v, w} are of the same type,
then it follows that uv
n
= vw
n
which gives u = w, a contradiction. So assume that they
are of different types. Without loss of generality, we may assume that {u, v} is of Type-I
and {v, w} is of Type-II. Then it follows that uv
n
= n
2
vw
and this gives uv2w = n3. Since
n is a product of distinct primes and v 6= n, we have that pj does not divide v for some
j ∈ [k]. Then uv2w is not divisible by p3j . This implies that there are no such u, v, w with
uv2w = n3. Thus, two distinct adjacent edges of Type-I/Type-II have received different
colors.
Now consider an edge {x, y} of Type-III. Then xy = n. Note that any other edge
that is adjacent with {x, y} must be of Type-I or Type-II. Let a = deg(x) − 1 and
b = deg(y) − 1. If we prove that a + b < 2k−1 − 1, then we can color the edge {x, y}
with any of the 2k−1− 1− (a+ b) colors which are not used for the Type-I/Type-II edges
adjacent with {x, y}.
If one of x or y, say x, is a pendant vertex, then deg(y) = ∆(Υn) by Propositions
2.4(iii) and 2.11(iii). This gives a = 0 and b = ∆(Υn) − 1 = 2k−1 − 2 and so the claim
follows. Assume that none of x, y is a pendant vertex. Then none of x, y is a prime.
Since n = xy and n is a product of distinct primes, there exist distinct primes pi, pj each
dividing x but not y, and there exist distinct primes ps, pt each dividing y but not x. Since
deg(x) = pi(x) + 1 ≤ 2k−2 − 1, we have a ≤ 2k−2 − 2. Similarly, b ≤ 2k−2 − 2. It follows
that a+ b ≤ 2k−1 − 4 < 2k−1 − 1.
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